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Abstract
A multi-objective robust optimization scheme for the powertrain mount system of an electric vehicle is proposed in this
paper. A permanent magnet synchronous motor model is established by taking account of the effects of magnetic
saturation and space harmonics, in which the d–q-axis inductance and the flux linkage excited by permanent magnet
were obtained by finite element method. The rippled output torque of the permanent magnet synchronous motor mixed
with harmonic components is obtained with the New European Driving Cycle as the running condition of the electric
vehicle. A six degree-of-freedoms (DOFs) powertrain mount system is established and the response of the system is
obtained with the rippled torque as the excitation input. A multi-objective optimization model of the powertrain mount
system is built with the stiffness’s of the mounts as the design variables, and with the goal of maximizing the decoupling
rates and minimizing the dynamic reaction forces of the mounts acting on the car body. Genetic algorithm is used to
conduct the global optimization and all the Pareto optimal solutions are found out based on the optimization theory, and
the solution with the optimal robustness of dynamic reaction force is obtained by Latin hypercube sampling method. The
results show that with the proposed multi-objective robust optimization scheme applied for the parameters optimization
of the motor mount system, the decoupling rates increase obviously, the dynamic reaction force decreases apparently,
and the optimization result shows good robustness. The optimization results can make the powertrain mount system of
electric vehicles processing of optimal dynamic response characteristics correspondingly.
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Permanent magnet synchronous motor, magnetic saturation, powertrain mount system, multi-objective optimization,
robust design
Introduction
The vehicle powertrain, composed of engine, transmission and clutch, is the power source for the vehicles and also
one of the main vibration sources in vehicles.1 In order to isolate the vibration transmitting from powertrain to car
body, engine mounts are usually installed between powertrain and car body. The system composed of mounts and
powertrain is powertrain mount system. The mounts play an important role in a full-car dynamic system and the
schematic diagram of a half-car dynamic model with a powertrain mount system is presented in Figure 1.
Appropriate powertrain mount system will on the one hand improve the noise, vibration and harshness (NVH)
performance of vehicles, and on the other hand extend the lifespans of the engines and the related components.2
According to the characteristics of the controllability, engine mounts could be categorized into passive
mounts (rubber mounts and hydraulic mounts are most common), semi-active mounts and active mounts.3–6
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Generally, rubber mounts consist of a metal frame on which the rubber is adhered either through adhesives or
during vulcanization. Due to the advantages of low cost and simple structure, rubber mounts are the most widely
used engine mounts.7,8 The key step for the design of rubber mounts is the parameters match of their stiffnesses.
The rubber mounts with appropriate stiffnesses cannot only attenuate the vibration of the engine transmitting to
the elastic foundation (such as the frame and the body) effectively, but can also decrease the unwanted impacts of
the excitation from roads and the wheels acting on the body.
In recent years, there have been more and more literature on the vibration characteristic analysis and robust
optimization design on the rubber mounts-based powertrain mount system.9–15 Considering the influence of the
elastic body,9 built a multi-body dynamics model of powertrain mount system containing auxiliary frame and its
sleeve. Genetic algorithm was utilized to optimize the stiffnesses and locations of the mounts with the target of
minimizing the force acting on the auxiliary frame. To improve the NVH performance at idle speed of internal
combustion engine vehicles, Qatu et al.8 optimized the stiffnesses of the mounts based on the established six DOFs
powertrain mount system. The experimental results showed that the NVH performance at idle speed was improved
obviously. Hu and Singh12 established a powertrain mount system model with consideration of the elastic foun-
dation and optimized the stiffnesses of the mounts aiming at maximizing decoupling rate of the torque axis. On the
robustness optimization design of the powertrain mount system, based on the conventional pendulum mounting
system of a front wheel drive vehicle with a transversely four-cylinder engine, Courteille and Mortier13 adopted a
multi-objective genetic algorithm for the solution of the multi-objective robust optimization problem at idle speed.
Based on interval distribution, Wu14 built an optimization model of powertrain mount system and the parameters
of the powertrain mount system were optimized correspondingly. In order to improve the robustness of the
powertrain mount system of the internal combustion engine vehicles, Xie et al.15 combined the robust design
with multi-objective optimization and proposed a robust optimization design scheme. The simulation results
showed that the optimized results had good robustness.
However, as compared with the running conditions of the powertrain mount systems of traditional
internal combustion engine vehicles, there are big differences in the running conditions of the powertrain
mount systems of electric vehicles (i.e. motor mount system). On the one hand, as the mass of the motor
mount system is smaller than the internal combustion engine mount system, when subjected to a same excitation,
motor mount system will vibrate more intensely. On the other hand, since the powertrain mount systems of electric
vehicles have no idle speed state, the speed of the motor will go through from zero to the maximum speed, and the
excitation frequency will pass through the natural frequencies of the powertrain mount systems. Hence, when the
excitation frequency passes through the natural frequencies, the transient response of powertrain mount systems
will be amplified and deteriorated. In addition, due to faster torque response speed of motor, it is easier to generate
a transient impact on the vehicle and increase the transient vibration of the vehicle. What’s more, because the
inductance of the permanent magnet synchronous motor (PMSM) and flux linkage produced by permanent
magnet change with the saturation degree of magnetic circuit, and it also contains a lot of space harmonics in
rotor magnetic field, the output torque of the PMSM will be mixed with a certain of fluctuant components.16–18
The rapid and rippled torque transmitted to the body is more likely to lead to longitudinal and vertical vibration of
the vehicles.
Powertrain
Mount
Body
Suspension
Tire
Figure 1. The schematic diagram of a half-car dynamic model with a powertrain mount system.
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Hence, how to attenuate the vibration caused by the PMSM is an urgent problem and has been paid much
attention in recent years.19–21 To attenuate vibration of the passenger seat, Guclu and Gulez19 studied the dynamic
behaviour of an eight DOFs vehicle model having active suspensions and the vibration is suppressed effectively
using a neural network controller. Torregrossa et al.20 proposed a three-dimensional finite element modal analysis
method to reduce the vibration radiated by the PMSM and the vibration is controlled by optimizing the structure
parameters of the PMSM. Chen et al.21 calculated the electromagnetic torque excitation caused by the torsional
displacement using electromechanical coupled dynamic equations and studied the nonlinear torsional vibration
characteristics of the PMSM. Besides, many researchers have also been trying to proposing active mitigation of the
vibration. Ayana et al.22 designed an effectively active torque cancellation scheme to reduce transmitted vibration
by an order of magnitude at targeted frequencies which does not require the over sizing of machine or power
electronics components. To quickly evaluate the electromagnetic vibration emitted by a PMSM in a fractional-
horsepower drive, Torregrossa et al.23 proposed a novel approach based on field reconstruction method, which
reduce the vibration in the targeted machine by 35%.
According to the above researches, it can be found that the existing solutions for the vibration attenuation of
the electric vehicle focus on changing the motor structure parameters, optimizing the motor control algorithms
and applying active actuators. Nevertheless, in some cases, those methods might be useless and too expensive for
the design of the motor mount system. For example, the traditional design method for internal combustion engine
vehicles might be invalid to mitigate the transient vibration of the powertrain mount system. Just like the par-
ameter design for the powertrain mount system of traditional internal combustion engine vehicles, optimizing the
mount stiffness may be an efficient and simple method. However, how to optimizing the mount stiffness of the
motor mount system with consideration of the characteristics of the output torque of the motor and the uncer-
tainty of the mount remain to be discussed.
In this article, a multi-objective robust optimization scheme for motor mount system is proposed and applied in
the optimization design process of the powertrain mount system of an electric vehicle. The remainder of the paper
is organized as follows. In section ‘Torque ripple model’, a nonlinear PMSM model is established by taking
account of the effects of magnetic saturation and space harmonics, and the rippled output torque mixed with
harmonic components is obtained. A six DOFs dynamic model of motor mount system is established, and the
decoupling rates of the six DOFs and the dynamic reaction forces of the mounts acting on the body are obtained
correspondingly in section ‘Vibration characteristic of the powertrain mount system’. In section ‘Multi-objective
robust optimization design of powertrain mount system’, with the stiffnesses of the mounts as the design variables
and considering their uncertainties, and with the decoupling rates, the dynamic reaction force and its robustness as
design objectives, a multi-objective robust optimization design of the motor mount system is carried out to obtain
better NVH performances of the electric vehicle. In section ‘Optimization results’, the optimization results are
calculated. Finally, conclusions are presented in section ‘Conclusions’.
Torque ripple model
Linear model of PMSM
A typical structure of a PMSM is shown in Figure 2. As seen from Figure 2, a PMSM is composed of a stator,
a rotor, permanent magnets and windings. The rotor rotates with the periodically changes of the current of the
windings.16 As PMSMs have advantages of high energy density, wide speed range, large torque moment of inertia
Stator
 Rotor
Permanent 
magnet
Phase B 
wingdings
Phase C 
wingdings
Phase A 
wingdings
Vacuum
Figure 2. The model of a PMSM.
PMSM: permanent magnet synchronous motor.
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and good efficiency, they are one of the most widely used motor types in electric vehicles.24 Accurate PMSMmodel
is a necessary prerequisite to analyse the vibration characteristic of the motor mount system. However, the com-
monly used linear model of PMSM is established with ignoring magnetic saturation and assuming that the mag-
netic field produced by the permanent magnet is sinusoidally distributed in the air gap.16 The linear model of
PMSM can be expressed as
Ud ¼ Rmid þ
dd
dt  !rq
Uq ¼ Rmiq þ
dq
dt þ !rd
(
ð1Þ
where Ud and Uq are the voltages of d-axis and q-axis of PMSM, respectively; id and iq are the currents of d-axis
and q-axis of PMSM, respectively; d and q are the flux linkages of d-axis and q-axis of PMSM, respectively; Rm
is the total reluctance of PMSM; !r is the mechanical angular speed of PMSM. d, q and Rm can be expressed as
d ¼ Ldid þm
q ¼ Lqiq

ð2aÞ
Rm ¼
X li
0riSi
ð2bÞ
where m is the flux linkage produced by permanent magnet; Ld and Lq are the inductances of d-axis and q-axis of
PMSM, respectively; 0 and ri are the absolute permeability and the relative permeability, respectively; li is the
length of the magnetic circuit passing the cross-sectional area Si. With the linear model, the output torque of
PMSM can be obtained
Tem ¼
3
2
p m þ Ld  Lq
 
idiq
 
ð3Þ
where p is the pole number of PMSM. From equation (3), it can be concluded that the output torque of PMSM is a
constant at a given running condition because m, Ld and Lq are all constants.
Nonlinear model of PMSM
During the running process of PMSM, the magnetomotive force Fm produced by permanent magnet is a constant,
the relationship between total magnetic flux m and magnetomotive force Fm satisfies the Ohm’s law, and yields
m ¼
Fm
Rm
ð4Þ
In practical applications, ferromagnetic materials as well as magnetic circuit will have nonlinear characteristics,
i.e. the nonlinear properties of B–H curve of ferromagnetic materials will lead to the relative magnetic permeability
ri changes with the saturation degree of the magnetic circuit. According to equation (2b), it can be derived that
when the PMSM runs in different conditions, the total reluctance Rm is not a constant. According to equation (4),
the total magnetic flux m will change continuously as the running condition of the PMSM changes. That is to say,
Ld, Lq and m have strong nonlinear relationships with id and iq, and the flux linkages of d-axis and q-axis d and
q can be expressed as
d ¼ Ld id, iq
 
id þm id, iq
 
q ¼ Lq id, iq
 
iq
(
ð5Þ
In the linear model of PMSM expressed by equation (1), the distribution characteristics of the magnetic field
produced by the permanent magnet in the air gap is simplified as sinusoidal distribution. However, because of the
manufacturing defect and the technological limitation, the magnetic field produced by permanent magnet has large
harmonic components. That is to say, the magnetic field produced by permanent magnet is not sinusoidally
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distributed in the air gap, but superimposed by the fundamental wave and a series of space harmonic components
changing with locations.17 For example, the magnetic flux produced by permanent magnet in phase A can be
expressed as
m,a ¼
X1
n¼1
2n1 cos 2n 1ð Þ½  ð6Þ
where 2n1 is the harmonic flux linkage produced by permanent magnet; n is a positive integer;  is the included
angle between rotor direct axis and stator winding axis (electrical degree). Based on equation (5), d and q can be
expressed as
d ¼ Ld id, iq
 
id þ1 id, iq
 
þ
P1
n¼1
6n 1ð Þ6n1 þ 6nþ 1ð Þ6nþ1½ cos 6nð Þ
q ¼ Lq id, iq
 
iq þ
P1
n¼1
 6n 1ð Þ6n1 þ 6nþ 1ð Þ6nþ1½ sin 6nð Þ
8>><
>>: ð7Þ
By substituting equation (7) into equation (1), the nonlinear model of PMSM can be obtained
Ud ¼ Rid  !rLq id, iq
 
id þ Ld id, iq
 
did
dt þ id
dLd id, iqð Þ
dt þ
d1 id, iqð Þ
dt
h i
þ
P1
n¼1
dn!rsin 6nð Þ
Uq ¼ Riq þ !rLd id, iq
 
id þ Lq id, iq
  diq
dt þ iq
dLd id, iqð Þ
dt
h i
þ !r1 id, iq
 
þ
P1
n¼1
qn!rcos 6nð Þ
8>><
>>: ð8aÞ
dn ¼  6n 1ð Þ6n1  6nþ 1ð Þ6nþ1 ð8bÞ
qn ¼  6n 1ð Þ6n1 þ 6nþ 1ð Þ6nþ1 ð8cÞ
where dn and qn are the harmonic flux linkage of d-axis and q-axis of PMSM, respectively. Then the output
torque of PMSM can be expressed as17
Tem ¼
3
2
p 1 id, iq
 
iq þ Ld id, iq
 
 Lq id, iq
   
idiq þ
X1
n¼1
dnsin 6nð Þid þ
X1
n¼1
qncos 6nð Þiq
( )
ð9Þ
Comparing equation (9) with equation (3), it can be found that the output torque of the PMSM contains high
order of harmonic components when taking account of the influences of magnetic saturation and space harmonics.
In other words, the output torque of PMSM will be rippled.
Output torque of PMSM
Because the amplitudes of high order of harmonic flux linkages produced by permanent magnet are very small, the
influence of the magnetic saturation on high order of harmonic flux linkages can be ignored. In other words,
the high order of harmonic flux linkages produced by permanent magnet can be regarded as constant values. In the
light of the characteristics of the PMSM applied in this study, the output torque of the PMSM can be obtained
according to equation (9). It should be noted that 1, Ld and Lq have strong nonlinear relationships with id and iq,
they cannot be calculated directly. 1, Ld and Lq are obtained based on the following methods.
18 Firstly, the
Ansoft finite element model of the PMSM as shown in Figure 2 is established. By selecting an operating point, the
magnetic fields under the condition of permanent magnet and the armature current working together are calcu-
lated, and the relative permeabilities of the ferromagnetic materials are saved under this operating point. Using the
saved relative permeabilities, the magnetic fields while the permanent magnet and the armature current working
separately are calculated, and the values of 1, Ld and Lq at this operating point can be calculated by Ansoft post-
processing, correspondingly. By calculating magnetic characteristics of the PMSM at different operating points,
the relationships between 1, Ld and Lq and id and iq can be calculated, respectively. It should be noted that in
PMSM control system, to reduce copper loss and improve the efficiency, maximum torque per ampere (MTPA)
Xin et al. 247
control rule has been proposed and improved by many researchers.25,26 For the PMSM shown in Figure 2, id and
iq can be obtained correspondingly according to the control principle of the MTPA when working under different
conditions.
Table 1 presents the parameters of the PMSM and Figure 3 gives the relationships between 1, Ld and Lq and
the current id and iq of d–q-axis. As shown in Figure 3, when id and iq change, there will be an obvious distortion in
the values of 1, Ld and Lq, especially when iq get close to 0. It is because that as iq is getting close to 0, id will be a
relatively big value and the saturation degree of the magnetic fields will be higher correspondingly, which means
that the magnetic saturation will have important influences on the running performances of the PMSM. Therefore,
when calculating the output torque of the PMSM, the influence of magnetic saturation cannot be ignored. The
nonlinear model of the output torque of the PMSM can represent the practical running condition of the PMSM
more actually.
In order to represent the practical characteristics of the output torque of the PMSM accurately, the New
European Driving Cycle (NEDC) is applied as the running condition of the electric vehicle because NEDC is
one of the most typical running conditions. In the light of the specified operation conditions, the vehicle speed and
the driver demand torque both can be obtained correspondingly. Then in accordance with the control principle of
the MTPA,25 id and iq can be calculated, and 1, Ld and Lq can be obtained from Figure 3 by interpolation
method. At last, the rippled output torque can be calculated based on equation (9) and the results are shown in
Figure 4.
Figure 4(a) and (b) presents the rippled torque of the PMSM in time domain and in frequency domain,
respectively. It can be seen from Figure 4(a) that the output torque of the PMSM contains obvious harmonic
components. Taking the running condition of 50–63 s, for example, the output torque of the PMSM obtained
from ideal linear model is 43.3Nm. However, the output torque of the PMSM with consideration of the effects of
magnetic saturation and space harmonics fluctuates between 38.5 and 48.1Nm with a fluctuation range of 11.1%.
There is a big difference between the constant output torque obtained from the linear model and the rippled output
torque calculated from the nonlinear model of the PMSM. As seen from Figure 4(b), the output torque of the
PMSM distributes over a widely range in frequency domain from 0Hz to around 1000Hz. Overall, the amplitude
of the output torque at low frequency (less than 30Hz) is bigger than that at high frequency. It is because that
when the vehicle running in the condition of NEDC, the vehicle continuously runs through the process of start,
speed-up, constant speed, speed-down and stop. When the vehicle speed is low especially in the process of speed-
up, it need a relatively large torque, so the saturation degree of magnetic circuit is high according to Figure 3,
which results in the fluctuation range of the output torque at low speed is obvious than that at high speed. Hence,
as seen from Figure 4(a) and (b), the rippled torque will produce different impacts on the motor mount system and
can represent the actual load conditions of the motor mount system more precisely.
Vibration characteristic of the powertrain mount system
Dynamic model of powertrain mount system
The natural frequencies of powertrain mount system are less than 30Hz in general, and they are far less than the
flexible-mode frequencies of powertrain. Therefore, the powertrain mount system can be simplified as a six DOFs
Table 1. Parameters of the PMSM.
Parameters Values
Stator outer diameter (mm) 190
Core length (mm) 325
Slot number 48
P 4
dn, qn (mWb) First order: 5.3928, 4.1712
Second order: 1.3066, 1.1255
Third order: 0.3297, 0.3075
Rm () 0.05134
PMSM: permanent magnet synchronous motor.
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rigid model, and the rubber mounts are simplified as three-direction orthogonal damping springs.2 The dynamic
model of powertrain mount system is shown in Figure 5.
As shown in Figure 5, G0  XYZ is a fixed coordinate system (i.e. powertrain coordinate system). Origin G0 is
the centre of mass of powertrain, X-axis parallels to the horizontal plane and points to the back end of the vehicle,
Z-axis is vertically upward, Y-axis parallels to the axis of the motor rotor and its orientation is determined by right
hand rule. The six DOFs are defined as the three translational displacements x, y and z along X-axis, Y-axis and
Z-axis, and three rotation angles x, y and z around X-axis, Y-axis and Z-axis. q
 
¼ x y z x y z
 
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Figure 3. The relationships between 1, Ld and Lq, and d–q-axis current id and iq. (a) the relationships between 1 and d–q-axis
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the generalized coordinate. The dynamic equation of the powertrain mount system can be derived using Lagrange
equation as
M½  €q
 
þ C½  _q
 
þ K½  q
 
¼ Q tð Þ½  ð10Þ
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Figure 4. Output torque of the PMSM. (a) Output torque of the PMSM in time domain; (b) output torque of the PMSM in frequency
domain.
PMSM: permanent magnet synchronous motor.
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Figure 5. The dynamical model of the powertrain mount system.
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where M½  is the mass matrix of the powertrain mount system; K½  is the stiffness matrix of the powertrain mount
system; C½  is the damping matrix of the powertrain mount system; Q tð Þ½  is the excitation matrix of the powertrain
mount system. M½ , K½ , C½  and Q tð Þ½  can be expressed as
M½  ¼
m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Ixx Ixy Izx
0 0 0 Ixy Iyy Iyz
0 0 0 Izx Iyz Izz
2
666666664
3
777777775
ð11aÞ
K½  ¼
X3
i¼1
Ei½ 
T Ti½ 
T ki½  Ti½  Ei½  ð11bÞ
C½  ¼
X3
i¼1
Ei½ 
T Ti½ 
T ci½  Ti½  Ei½  ð11cÞ
Q tð Þ½  ¼ Fx tð Þ Fy tð Þ Fz tð Þ Mx tð Þ My tð Þ Mz tð Þ
 T
ð11dÞ
where Ei½  is the installation displacement matrix of the ith mount, i ¼ 1, 2, 3; Ti½  is the installation angle matrix of
the i th mount; ki½  is the stiffness matrix of the ith mount; ci½  is the damping matrix of the ith mount; m is the mass
of the powertrain; Ixx, Iyy and Izz are the rotational inertias around X-axis, Y-axis and Z-axis, respectively; Ixy, Iyz
and Izx are the products of inertia around xy, yz and zx, respectively; Fx tð Þ, Fy tð Þ and Fz tð Þ are the exciting forces
acting on the powertrain mount system along X-axis, Y-axis and Z-axis; Mx tð Þ, My tð Þ and Mz tð Þ are the exciting
torques acting on the powertrain mount system around X-axis, Y-axis and Z-axis. Ei½ , Ti½ , ki½  and ci½  can be
expressed as
Ei½  ¼
1 0 0 0 zi yi
0 1 0 zi 0 xi
0 0 1 yi xi 0
2
64
3
75 ð12aÞ
Ti½  ¼
cosui cosui cosui
cosvi cosvi cosvi
coswi coswi coswi
2
64
3
75 ð12bÞ
ki½  ¼
kui 0 0
0 kvi 0
0 0 kwi
2
64
3
75 ð12cÞ
ci½  ¼
cui 0 0
0 cvi 0
0 0 cwi
2
64
3
75 ð12dÞ
where xi, yi and zi are the installation coordinates of the ith mount; ui, ui and ui are the included angles between
the installation coordinate system of the ith mount and the powertrain coordinate system; kui, kvi and kwi are the
stiffnesses of the ith mount in its local coordinate system; cui, cvi and cwi are the stiffnesses of the ith mount in its
local coordinate system.
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According to equations (10) to (12), it can be derived that when the powertrain mount system vibrates in its jth
mode, the kinetic energy of the kth generalized coordinate can be expressed as
KEð Þjk¼
1
2
!2j
X6
l¼1
M k, lð Þ’ k, jð Þ’ l, jð Þ ð13Þ
where M k, lð Þ is the element of the kth row and the lth column of the mass matrix M½ ; ’ k, jð Þ is the k th element of
the j th mode shape; ’ l, jð Þ is the lth element of the jth mode shape; !j is the natural frequency of the jth mode.
When the powertrain mount system vibrates in the jth mode, the total kinetic energy can be expressed as
KEð Þj¼
1
2
!2j
X6
j¼1
X6
l¼1
M k, lð Þ’ k, jð Þ’ l, jð Þ ð14Þ
According to equations (13) and (14), when the powertrain mount system vibrates in the jth mode, the
decoupling rate of the kth generalized coordinate can be obtained.
Eik ¼
KEð Þjk
KEð Þj
 100% ð15Þ
Besides, z-DOF is the sensitive direction of human body, y-DOF is the exciting direction, and they are the two
important DOFs of the powertrain mount system. Hence, the larger decoupling rates of z-DOF and y-DOF are
the better vibration characteristics the powertrain mount system will have.
Tables 2 and 3 present the parameters of the powertrain and the installation coordinates of the mounts,
respectively. It should be noted here, the left mount and right mount are both rubber mounts, the rear mount
is a torque strut, and they are all installed horizontally. According to equations (13) to (15), the natural frequencies
and decoupling rates of six DOFs of the powertrain mount system can be calculated and shown in Table 4. It can
be seen in Table 4, the decoupling rates of z-DOF and y-DOF of the powertrain mount system are 66.69% and
60.48%, respectively. It means that the decoupling rates of the powertrain mount system are not high. The
vibration energy couples seriously and it will deteriorate the vibration of the powertrain mount system.
In order to evaluate the vibration response of the powertrain mount system, a MATLAB/Simulink dynamic
model of the powertrain mount system is established and shown in Figure 6.
Response of the powertrain mount system
In this study, the motor mount system is installed transversely, meaning the output torque of the PMSM points
towards the side of the vehicle. That is to say, the excitation of the powertrain mount system is around y
direction.15 Therefore, the output torque of the PMSM shown in Figure 4 is applied as the excitation of My of
the powertrain mount system. The vibration response of the powertrain mount system as well as the dynamic
Table 3. The installation positions of the mounts (the mounts are all installed horizontally).
Coordinates (mm) x y z
Left mount (rubber mount) 13.93 247.997 120.36
Right mount (rubber mount) 14.81 215.32 168.09
Rear mount (torque strut) 365.93 152.33 190.12
Table 2. The parameters of the powertrain.
m (kg) Ixx (kg m
2) Iyy (kg m
2) Izz (kg m
2) Ixy (kg m
2) Ixz (kg m
2) Iyz (kg m
2)
93.1 4.35 2.74 3.79 0.26 0.04 0.65
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reaction force of the mounts acting on the body can be calculated based on the Runge–Kutta method. The
spectrum of the dynamic reaction force of the mounts acting on the body can be calculated by Fourier transform
method correspondingly and shown in Figure 7.
As human body is sensitive to different frequencies of vibration, the weighted value of the dynamic reaction
force of the mounts acting on the body within a frequency range of 0–30Hz is calculated. The weighted dynamic
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Figure 7. The dynamic reaction force of the mounts acting on the body.
Velocity DisplacementAccelration
Force coefficient
Velocity coefficient
Displacement 
coefficient
Figure 6. The Simulink model of the powertrain mount system.
Table 4. The natural frequencies and decoupling rates of the powertrain mount system before the optimization.
Order 1 2 3 4 5 6
Frequency (Hz) 5.17 8.94 9.28 10.81 16.65 18.99
Decoupling rates (%)
x 0.02 15.76 45.58 34.33 0.01 4.25
y 99.75 0.01 0.03 0.01 0.19 0.02
z 0.01 66.69 32.20 0.98 0.02 0.01
x 0.18 0.01 0.02 0.07 99.61 0.01
y 0.01 17.49 21.65 60.48 0.13 0.36
z 0.03 0.04 0.52 4.13 0.06 95.35
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reaction force is adopted as the index to evaluate the influence of the vibration of the powertrain mount system on
human body.27 The weighted dynamic reaction force can be expressed as
Fqi ¼
Z
Wqifqi ð16aÞ
Wqi ¼
0:5 0:55 f  2
0:25f 25 f  4
1 45 f  12:5
12:5
f 12:55 f  30
8>>><
>>>:
ð16bÞ
where fqi is the amplitude of the dynamic reaction force of the ith mount acting on the body in frequency domain;
Wqi is the weighting coefficient of fqi in frequency domain.
Multi-objective robust optimization design of powertrain mount system
According to Table 4, the decoupling rates of the powertrain mount system are not high and its vibration energy
couples seriously. It will deteriorate the vibration of the powertrain mount system seriously. Therefore, the par-
ameters of powertrain mount system needed to be optimized. As the installation positions of the mounts and the
inertia moments of the powertrain are difficult to be changed once the design process is completed. Meanwhile, the
stiffnesses of the mounts are relatively easy to be changed. Therefore, the three-direction stiffnesses of each of the
mount are selected as the design variables. It should be noted here, the left mount and right mount are rubber
mounts and as the inherent characteristics of the rubber material, the three-direction stiffnesses are not completely
independent and are needed to satisfy certain proportional relations,27 that is
0:8 
kui
kwi
 1:5 ð17aÞ
0:25 
kvi
kwi
 0:6 ð17bÞ
As the rear mount is a torque strut, according to the characteristics of torque strut,28 its three-direction
stiffnesses are needed to satisfy the following relationships
10 
ku3
kw3
 20 ð18aÞ
kv3 ¼ kw3 ð18bÞ
The powertrain mount system will be influenced by some kinds of uncertainty factors during the running
process of the vehicle, and the parameters of mounts will also be influenced by various uncertainty factors
during the manufacturing process. The parameters of the powertrain mount system are not all equal to the optimal
target values, and they will be statistically distributed near the target values. Therefore, in order to satisfy
the demand of engineering application, the optimization results are still needed to possess good robustness.
In this study, a multi-objective robust optimization scheme of powertrain mount system is proposed and can
be expressed as
max G Kð Þ ¼ g1 Kð Þ, g2 Kð Þ, . . . , g7 Kð Þ, g
0
7 Kð Þ
 
ð19aÞ
subject to
Kmin  K  Kmax
0:8  kuikwi  1:5, 0:25 
kvi
kwi
 0:6 ði ¼ 1, 2Þ
10  ku3kw3  20, kv3 ¼ kw3
8><
>: ð19bÞ
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where K is the design variables, i.e. the nine mount stiffnesses; Kmin and Kmax are the upper and lower values of the
mount stiffnesses, respectively; g1 Kð Þ  g6 Kð Þ are decoupling rates of the six DOFs of the powertrain mount system
and can be calculated from equation (15); g7 Kð Þ is the reciprocal of the dynamic reaction force of the mounts
acting on the body; g07 Kð Þ is the robustness function of g7 Kð Þ; g7 Kð Þ and g
0
7 Kð Þ can be expressed as
g7 Kð Þ ¼
1
Fqs
ð20aÞ
g07 Kð Þ ¼
f
f
ð20bÞ
Fqs ¼
P3
i¼1 Fqi
3
ð20cÞ
where f and f are the mean and standard deviation of Fqs, respectively. g
0
7 Kð Þ can represent the influence of the
uncertainties of the mount stiffnesses on g7 Kð Þ and it is calculated by Latin hypercube sampling method. It should
be noted that, Latin hypercube sampling method is a kind of stratified sampling method and it generally includes
two steps. First of all, each random variable is divided into N intervals in accordance with the principle of equal
probability. Then a random sample is selected from each interval of each random variable and form a random
parameter vector.29
According to equation (19), it can be known that the optimization model of the powertrain mount system is a
multi-objective optimization problem. g1 Kð Þ, g2 Kð Þ, . . . , g7 Kð Þ and g
0
7 Kð Þ are the sub-objectives of the optimization
model. Since the mutual influences between each sub-objective, the multi-objective optimal solutions not only need
to meet the optimization condition of each sub-objective, but also needs to satisfy the constraint conditions of the
relationships between the sub-objectives. Actually, the optimization of decoupling rates of z-DOF and y-DOF of
the powertrain mount system, i.e. g3 Kð Þ and g5 Kð Þ are the conflicting features of the objective functions. Because
small total stiffness in the vertical direction can strengthen g3 Kð Þ but will weaken g5 Kð Þ to some degree. For the
complexity of the solving process of the multi-objective optimization model, its solutions are usually a set of Pareto
optimal solutions and are obtained by some optimization algorithms.
Improved elitist non-dominated sorting genetic algorithm-II (IENSGA-II) is an improved algorithm based on
non-dominated sorting genetic algorithm-II (NSGA-II).30 By introducing a distribution function to constrain the
number of parent elitist solutions, IENSGA-II can improve the population diversity. The algorithm not only can
ensure that the search direction move towards the true Pareto optimal surface to obtain the evenly distributed
solutions, but also can prevent the premature convergences of the populations. Therefore, IENSGA-II is applied
for the multi-objective optimization of the powertrain mount system. The evolution process of the IENSGA-II is
shown in Figure 8.
It can be seen from Figure 8, firstly, the initial population P0 is randomly generated and the population size is
N, the solution set filter D0 is initialized simultaneously and the iteration number t is set to 0. The infeasible degrees
of all individuals of current population are calculated and a new population Pt is generated correspondingly.
Non-dominated sorting method is applied for Pt and a certain number of the optimal individuals in the parent
population Pt is selected to carry out a tournament selection with the individuals of the solution set filter Dt.
The subpopulation Qt is generated based on the arithmetic operators and polynomial mutation operators.
By combining the subpopulation Qt and the parent population Pt, a new population Rt is generated.
Combining with the value of the objective function, the partial selection method is applied according to the
non-dominated sorting level and the congestion degree. A total number of individuals of N are selected to
form a new population Ptþ 1. The first layer of the non-dominated individuals is stored into the solution set
filter Dt and the dominant and intensive individuals in the solution set filter Dt is deleted simultaneously to
guarantee that the individuals could distribute evenly in the filter. At last, the iteration number t is judged, and
the algorithm will terminate if the iteration number t satisfies the maximum iteration number tmax. Otherwise,
t¼ tþ 1, a new population Pt is generated sequentially.
Figure 9 presents the process of the proposed multi-objective robust optimization scheme. It can be seen from
Figure 9 that the optimization scheme can be divided into three processes. Firstly, based on the characteristics of
the output torque of the PMSM and the vibration characteristics of the motor mount system, a multi-objective
model of the motor mount system is established. IENSGA-II is used to conduct global optimization and all the
Pareto optimal solutions satisfying the requirements of the deterministic multi-objective optimization are found
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out based on the optimization theory. Then Latin hypercube sampling method is applied for sampling each set of
the Pareto optimal solutions and to find the optimal robust solution in all the Pareto optimal solutions. As a
consequence, the optimal solution with perfect vibration performance and good robustness can be obtained based
on this scheme.
Optimization results
Aiming at the established dynamic model of powertrain mount system, by applying the proposed multi-objective
robust optimization scheme, a multi-objective robust optimization model of powertrain mount system as expressed
by equation (19) is established. The stiffnesses of the mounts are selected as the design variables, the maximum
decoupling rates of the six DOFs, the minimum dynamic reaction force of the mounts acting on the body and the
good robustness of the dynamic reaction force are selected as the design objectives. The population size is set as 20,
the maximum iteration is set as 60, the crossover probability is set as 0.9. With the application of the IENSGA-II,
all the Pareto optimal solution set can be obtained and shown in Figure 10. All the Pareto optimal solutions can
achieve high decoupling rates of the six DOFs; however, the single solution result with optimal robustness should
then be selected with Latin hypercube sampling method.
It is assumed that the stiffnesses of the mounts are normal distribution, the standard deviations are 15% of the
mean values, and the optimization process is carried out in accordance with Figure 9. The single optimized
stiffnesses of the mounts are shown in Table 5, the natural frequencies and decoupling rates are shown in
Table 6, and the comparison of the dynamic reaction forces of the mounts acting on the body before and after
the optimization are shown in Figure 11.
Initialization
Produce the initial population 
P0 and solution set filter D0
 Select and produce Pt
Improved elitist strategy
Selection/ Crossover/ 
Mutation
 Select and produce Qt
Rt=Pt Qt
Partial   selection
Produce new population 
Pt+1
t=t+1
End
S
tore  non-dom
inant 
individuals to 
solution set filter D
t
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No t >tmax
Figure 8. The evolution process of the IENSGA-II.
IENSA-II: Improved elitist non-dominated sorting genetic algorithm-II.
Multi-objective optimization 
model
Calculate decoupling rates and 
weighted dynamic reaction force
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Latin hypercube sampling
Output optimized results
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End
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NoEvaluate robustnessDefine variables and build
 the 6-DOFs model
Figure 9. The optimization process of the proposed schemes.
256 Journal of Low Frequency Noise, Vibration and Active Control 36(3)
As shown in Table 5, the decoupling rates of the six DOFs are all larger than 90%, and the decoupling rates
have an obvious increasement as compared with the results before the optimization. It can be seen from Figure 11,
the dynamic reaction force of the left mount acting on the body in frequency domain deceases from 9.8N to 7.6N,
the dynamic reaction force of the right mount acting on the body in frequency domain deceases from 13.9N to
8.2N, and the dynamic reaction force of the rear mount acting on the body in frequency domain deceases from
27.9N to 17.3N. The dynamic reaction force of each mount acting on the body deceases obviously, which means
that the optimal solution has a perfect vibration attenuation effectiveness.
By applying Latin hypercube sampling method for sampling the stiffnesses of the mounts, it can be obtained
that before the optimization, the mean value of the weighted dynamic reaction force of the mounts acting on the
body f ¼ 105:3N, the standard deviation f ¼ 8:84, and the value of robustness function g
0
7 ¼ 11:90. After the
optimization, the mean value of the weighted dynamic reaction force of the mounts acting on the body
f ¼ 60:6N, the standard deviation f ¼ 3:43, and the value of robustness function g
0
7 ¼ 17:67. The robustness
of the powertrain mount system after the optimization increase 48% compared with the value before the
optimization.
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Figure 10. The Pareto optimal solution set.
Table 6. The natural frequencies and decoupling rates of the powertrain mount system after the optimization.
Order 1 2 3 4 5 6
Frequency (Hz) 5.92 7.90 9.19 10.24 14.93 15.97
Decoupling rates (%)
x 0.01 0.02 92.06 7.02 0.01 2.56
y 99.25 0.08 0.01 0.01 0.63 0.01
z 0.06 98.70 0.09 0.79 0.42 0.01
x 0.64 0.40 0.01 0.13 98.73 0.08
y 0.01 0.79 4.10 92.03 0.15 0.99
z 0.03 0.01 3.73 0.85 0.09 96.35
Table 5. The stiffnesses of the mounts before and after the optimization (N/mm).
Stiffness u (before/after) v (before/after) w (before/after)
Left mount 105.6 (69.8) 30.9 (27.6) 87.2 (72.4)
Right mount 92.9 (74.8) 31.1 (46.8) 111.8 (80.7)
Rear mount 68.8 (85.2) 6.0 (4.7) 6.0 (4.7)
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Figure 12 presents the probability density distribution of the dynamic reaction force of the mounts acting
on the body before and after the optimization. As shown in Figure 12, the maximum probability density
before the optimization is 0.051 and the maximum probability density after the optimization is 0.091, which
means that the probability density improves 87% after the optimization. It can also be seen that the probability
density curve after the optimization is slenderer than the curve before the optimization, which indicates that the
powertrain mount system has a better robustness when optimized by the proposed robust optimization design
scheme.
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Figure 11. The dynamic reaction force of the mounts acting on the body. (a) The dynamic reaction force of the left mount acting on
the body; (b) the dynamic reaction force of the right mount acting on the body; (c) the dynamic reaction force of the rear mount acting
on the body.
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Conclusions
In this paper, a multi-objective robust optimization scheme is proposed and applied for the optimization design of
powertrain mount system for an electric vehicle. The actual output torques of the PMSM of the electric vehicle
under the NEDC running condition were obtained by taking account of the influences of magnetic saturation and
space harmonics on the d–q-axis inductance and the flux linkage excited by permanent magnet. A six DOFs motor
mount system was established and the vibration response was obtained with the actual output torque as excitation.
A multi-objective optimization model of the powertrain mount system was built to improve its vibration perform-
ances. Genetic algorithm was applied to conduct global optimization and all the Pareto optimal solutions were
found out, and the solution with optimal robustness of dynamic reaction force was obtained by Latin hypercube
sampling method. The results showed that: (i) the actual output torque of the PMSM with consideration of the
influences of magnetic saturation and space harmonics on the d–q-axis inductance and the flux linkage fluctuates
with a range of 11.1%. The output torque of the PMSM distributes over a widely range in frequency domain and
the amplitude of the output torque at low frequency (less than 30Hz) is bigger than that at high frequency; (ii) with
the proposed optimization scheme, the decoupling rates of the six DOFs are all larger than 90%, with an obvious
improvement as compared with the results before the optimization. The dynamic reaction forces of the mounts
acting on the body are attenuated effectively and the robustness of the dynamic reaction forces has an improve-
ment of 48%. The proposed multi-objective robust optimization scheme is effective both on the improvement of
vibration attenuation effectiveness and vibration robustness of the powertrain mount system of the electric vehicle.
The proposed scheme has guiding significance on the design of the powertrain mount system of the electric vehicle
in the practical engineering.
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